Introduction. Through this paper, a geometrically ruled surface, or simply a ruled surface, will be a P 1 -bundle over a smooth curve X of genus g > 0. It will be denoted by p : S = P(E 0 ) −→ X and we will follow the notation and terminology of R. Hartshorne's book [7] , V, section 2. We will suppose that E 0 is a normalized sheaf and X 0 is the section of minimum self-intersection that corresponds to the surjection
Let H ∼ X 0 +bf , b ∈ Div(X) be an unisecant divisor such that the complete linear system |H| provides a birational morphism ϕ H : P(E 0 ) −→ R ⊂ P n , n = dim(|H|). We call R a linearly normal scroll and we define the speciality of R as the superabundance of |H|; that is, i(R) = s(O S (H)) = h 1 (S, O S (H)). The scroll R is called special if i(R) > 0. We recall that E := p * O S (H) is a locally free sheaf of rank 2 such that H i (S, O S (H)) ∼ = H i (X, E), i ≥ 0, and P(E) ∼ = P(E 0 ). In particular, i(R) = h 1 (E) and Castelnuovo-Riemann-Roch formula for O S (H) is equivalent to the Grothendieck-Riemann-Roch formula for E. The study of the scroll R ⊂ P n is equivalent to the study of the locally free sheaf E. We refer to [3] for a systematic development of the projective theory of ruled surfaces that we will use in this paper. For example, the projection of R from a point is equivalent to do an elementary transformation of E. Moreover, if W ⊂ P n is a subspace and p W : R − (W ∩ R) −→ R ′ ⊂ P n ′ is the projection of R from W ∩R, it is well known that i(R ′ )−i(R) = deg(W ∩R)−(dim( W ∩R )+1),(see [3] , §1), and the speciality of R grows exactly the number of unassigned base points in the linear system of hyperplane sections containing W ∩ R. In this way, we can pose the existence of geometrically ruled surfaces with speciality 1 such that any special ruled surface is obtained by elementary transformations from them. The existence of these scrolls provides the geometrical version of Riemann-Roch Theorem for ruled surfaces.
It is well known (see Nagata Theorem on Shafarevich ([14] , V) that any two geometrically ruled surfaces over a smooth curve X of genus g ≥ 0 can be obtained one from the other by a finite sequence of elementary transformations. However, to our knowledge it was not proved in the classical and contemporaneous literature, the existence of scrolls playing the role of canonical curves and, in particular, providing de geometrical version of Riemann-Roch Theorem for ruled surfaces.
In this paper we study " canonical geometrically ruled surfaces " . We prove their existence and study their projective normality. We also recover some classic work due to C. Segre. The paper is organized in the following way: §1: Special scrolls. Segre theorems. §2: Speciality of a scroll. Canonical geometrically ruled surfaces. §3: The existence theorem. §4: Projective normality of canonical scrolls.
In §1 we introduce some background material. The classical authors define a scroll as a surface R ⊂ P N such that there exists a line contained in R that passes through the generic point (see [13] , 204). We begin by showing that any scroll is the birational image of a geometrically ruled surface P(E 0 ) by an unisecant linear system. In a modern way, this is the equivalence between morphisms ϕ : X −→ G(1, N ), where X is a smooth curve, and surjections O N +1 G −→ E, where E = ϕ * U is the locally free sheaf of rank 2 obtained from the universal bundle U . Then we use the elementary transformation to give a geometrical meaning, according to Riemann-Roch, of the speciality of a scroll. In this way, we pose the problem of the existence of ruled surfaces P(E) −→ X with h 1 (E) = 1 over a smooth curve of genus g ≥ 1 and such that any special ruled surface is obtained by elementary transformations from them.
We rescue the results due to C. Segre in [12] about special scrolls. Segre studied special scrolls with nonspecial hyperplane section. He proved that the speciality of a directrix curve in a special scroll is less than or equal to the speciality of the scroll, and any special scroll of genus g and degree d ≥ 4g − 2 has a special directrix curve. Actually, the Segre's hypothesis about the nonspeciality of the hyperplane section is restrictive. In fact, if one considers a smooth curve of genus g ≥ 6 having two g 1 4 , the special scroll generated by two fourfold lines in disjoint spaces has special hyperplane section. However, our description of canonical scrolls in §2, Proposition 2.4 shows that they actually have nonspecial hyperplane section. Moreover, the existence theorem in §3 allows to assert that any special scroll (without any condition over the degree and the genus) always has a special directrix curve.
Observe that the condition d ≥ 4g − 2 is necessary to prove that the special directrix is unique, it is the directrix curve with minimum self-intersection in the scroll, it is linearly normal and it has the same speciality than the scroll. In §4, we prove that if d ≥ 4g − 1, this directrix curve has the same speciality for quadrics (quadrispeciality) than the scroll, but this fact is not mentioned by C. Segre. However, in our classification of special scrolls in P 3 , the most of examples correspond to the range d ≤ 4g − 1, and these scrolls have quadrispeciality.
The analysis of directrix curves was insufficient to distinguish between cases with the same quadrispeciality but corresponding to different canonical scrolls. The criterion consisted of considering the dimension of the linear system of the minimal bisecant curves. Actually, the quadrispeciality of a scroll is the same than the generic quadric section and this fact allows to develop a general theory of special scrolls.
In §2, we begin with a formulation of a nice result mentioned by C. Segre in [12] : if R ⊂ P n is a linearly normal scroll and C ⊂ R is a bisecant curve which has not double points that are double points of R, then C is linearly normal and the speciality of C is equal to the speciality of R. We call C a proper bisecant curve.
Lemma 2.1 is proved by the usual cohomology method, and it suggests the definition of canonical scroll: Let X be a smooth curve of genus g > 0 and let C be a smooth curve of genus π such that there exists an involution γ : C −→ X; that is, a finite morphism of degree 2. If x ∈ X, we denote γ −1 (x) = {x 1 , x 2 }. Let us suppose that C is not hyperelliptic and it has genus π ≥ 3. Let ϕ K : C −→ C K ⊂ P π−1 the canonical map. Then C K is a bisecant curve in the scroll S = x∈X γ −1 (x) . By Segre's result, S has speciality 1 and it contains a canonical curve as a proper bisecant curve. We call S a canonical scroll.
Obviously, Segre's result and the geometrical version of Riemann-Roch Theorem for a proper bisecant irreducible curve provide that any special scroll is the projection of a canonical scroll. Proposition 2.4 provides the geometrically ruled model of S: if X is smooth of genus g > 0 and b is a nonspecial divisor of degree π − 1 ≥ 2g − 2, we consider the geometrically ruled surface P(O X ⊕ O X (e)) with e ∼ K − b. Let X 1 ∼ X 0 − ef and H ∼ X 0 + bf ∼ X 1 + Kf . The complete linear system |H| provides a birational morphism ϕ H :
are the canonical morphism of X and the map defined by |b|, respectively. Furthermore, |2X 1 | is the minimal class of irreducible bisecant curves and S is canonical if and only if there exists a smooth curve C ∈ |2X 1 | of genus π. The restriction map ϕ H | C : C −→ C K ⊂ P π−1 is the canonical morphism and γ := p| C : C −→ X is the involution that generates the scroll. If
, such that the generic curve of |2X 1 | is smooth, a canonical geometrically ruled surface.
In §3 we prove the existence of canonical geometrically ruled surfaces over a smooth nonhyperelliptic curve X of genus g ≥ 3. We refer to [4] for the existence in the elliptic and hyperelliptic cases.
First of all, Proposition 3.1 characterizes the nonspecial divisors b such that P(E b ) is canonical. Such divisors satisfy the semicontinuity property that: if P ∈ X is a base point of the linear system |2(b − K)|, P is not a base point of |2(b−K)−P |. Then for any nonspecial divisor b such that deg(2b) ≥ 6(g−1)+1, the geometrically ruled surface P(E b ) is canonical. The proof of the existence is reduced to the range deg(b) ≤ 3(g − 1).
In the range A:
; if b is a generic nonspecial divisor, then P(E b ) is a canonical ruled surface, |X 1 | consists of a unique curve and 2(b − K) is nonspecial. Moreover if b and P ∈ X are generic in the range 5(g − 1) + 1 < deg(2b) ≤ 6(g − 1); the elementary transformation of P(E b ) at the point X b ∩ P f is the general canonical ruled surface P(E b−P ) in the case
In the range B: 4(g−1) ≤ deg(2b) ≤ 5(g−1); Proposition 3.1 implies that the linear system |2(b − K)| consists of a unique divisor formed by different points, and b cannot be a generic nonspecial divisor. Moreover, if a := deg(2(b − K)),
is not canonical. That is; in range B, the generic component corresponding to canonical geometrically ruled surfaces in case deg (b) does not dominate the generic component in the case deg(b) − 1.
This result makes interesting to classify canonical geometrically ruled surfaces in range B. By the existence theorem this classification is equivalent to the existence of nonspecial curves that are not projectively generic. Their geometrical characterization and classification will appear in the forthcoming paper [4] .
The proof of Z a = ∅ is based in the map Pic
2 (see [7] , IV, exercise 2.7) and this fact relates the existence of canonical scrolls with the existence of canonical curves having and involution or finite morphism of degree 2, γ : C −→ X.
Finally, in §4 we study the analogous of Noether Theorem about the projective normality of the canonical scrolls. Theorem 4.1 says that the canonical scroll S is projectively normal iff
and except in the case g = 3 and deg(b) = 4,
Therefore, except in the case g = 3 and deg(b) = 4, S is projectively normal ⇔ the nonspecial directrix X b is projectively normal ⇔ O X (b) is normally generated ⇔ O X (b) has not speciality for quadrics.
In particular, if deg(b) ≥ 2g + 1, Castelnuovo-Mumford Lemma allows to assert that the canonical scroll is projectively normal. In cases deg(b) = 2g + 1 − k, k = 1, 2, 3, the results due to Green-Lazarsfeld [6] conclude Theorem 4.16 about the projective normality of the canonical scroll.
1 Special scrolls. Segre Theorems.
Let us first study how a linearly normal scroll R ⊂ P N is always obtained as the image of a birational map P(E 0 ) −→ R, which is defined by a complete unisecant linear system |H|.
Let |H| be a complete unisecant base-point-free linear system on P(E 0 ).
N is a regular map between projective surfaces. There exists an open set U ⊂ R where the restriction map (ϕ H ) 0 : ϕ −1 (U ) −→ U has finite fibers. From this, we have an algebraic extension of the function fields K(R) ⊂ K(P(E 0 )). Let r be the degree of the extension. If Q ∈ U is a generic point, then ϕ
On the other hand, ϕ H is defined by the complete linear system |H|, so
. From this, considering the compo-
, we see at once that
We will denote by V ⊂ U the open set where ϕ −1 (Q) = r different points for all Q ∈ V . The generic element of |H| meets the open set ϕ −1 (V ).
According to the second Bertini's Theorem (see [8] , 7.9), the generic element of |H| is irreducible and H ∩ ϕ −1 H (V ) = ∅. Hence, the restriction map: We have that deg(ϕ) = deg(φ). If deg(ϕ H ) > 1, the genus (or irregularity) of the scroll R is less than the genus of the ruled surface P(E 0 ).
Anyway, H nonsing is a smooth curve Y which parameterizes the generators of the scroll R by a morphism η : Y −→ G(1, N ) induced by η H . Let us consider its incidence variety: 
Since Y is a smooth curve, it follows that p : J Y −→ Y has a section and then it is a geometrically ruled surface.
If H ∈ |H| is a generic element, H nonsing parameterizes the lines of the scroll R ⊂ P n , so the maps {η H } define a rational map η : J Y −→ R ⊂ P n so that the following diagram is commutative:
where deg(ϕ H ) = deg(φ) and the degree of η is 1.
Becauseφ and η are dominant maps, we deduce that:
Since |H| ≃ |O R (1)| ≃ |O P N (1)|, it follows that η is defined by the complete linear system |H nonsing |. Moreover, there exists an open set V ⊂ R such that
Then, let R ⊂ P N be a scroll that is the birational image of a geometrically ruled surface S = P(E) by the map ϕ H : P(E 0 ) −→ R ⊂ P N . This morphism is defined by the unisecant complete linear system |H|. Classically, R is the projective model of |H| and its speciality is defined as the superabundance of |H|, that is,
; then, Castelnuovo-Riemann-Roch Theorem applied to O S (H) is equivalent to Grothendieck-Riemann-Roch Theorem applied to E. In particular, the study of R ⊂ P N is equivalent to the study of the locally free sheaf E and i(R) = h 1 (E).
Let us interpret the speciality of R according to Riemann-Roch Theorem. Let W ⊂ P N a linear subspace and let us consider the projection
corresponds to the linear subsystem δ := {H ∈ |H| : ϕ * H (W ∩ R) ⊂ Supp(H)} ⊂ |H|, which is defined by the base points ϕ *
We can solve the indeterminations of ϕ ′ by using the blowing up σ : S A −→ S at A (Hartshorne [7] ,II, example 7.17.3). There is a one-to-one correspondence between the linear system δ and the complete linear system |π * (H) − E A | ( [7] , V, §4), where E A = P ∈A E P , E P is the exceptional divisor of the blowing up of S at P and the map S
′ is regular at every point. We see that R ′ is the birational image of a smooth surface S which is not a ruled surface. But, E P and P f are exceptional on S for any P ∈ A. By Castelnuovo Theorem we can consider each P f as the exceptional divisor of the blowing up of a geometrically ruled surface S ′ which is the elementary transform of S at the points of A.
Let us work with the ruled surface S = P(E 0 ) and the 1-secant complete linear system |H|. If A ⊂ S is a set of points, then we have the linear subsystem
where I A is the ideal sheaf of A and O S (H) ⊗ I A is not an invertible sheaf.
Let us consider the blowing up of S at A, σ : S A −→ S. δ corresponds to the complete linear system |σ [7] , V, section 4).
Since |H| is base-point-free, there exists
We see that the strict transform δ of δ is a complete linear system which can be considered as a linear subsystem of |σ * H| by adding the exceptional divisor
Thus, the complete linear system corresponds to the sections of the invertible
Moreover, let D ⊂ S be a divisor and let us consider the restriction map
From this, D ⊃ E A ⇐⇒ σ * (D) ⊃ A, and we have the following isomor-phism:
In fact, let us see that they have the same cohomology. In order to get this, we will use the following result: given σ : S −→ S and F a coherent sheaf in S such that [7] , cap III, ex. 8.1).
We apply this to compute:
Finally, given ϕ : S :
, which is defined by the complete linear system δ, we know that:
Let us consider the exact sequence:
and let us take the long exact sequence of cohomology:
y assigned to δ C ny .
We find that:
z not assigned to δ n z .z)
This discussion gives us the geometrical meaning of the speciality of a scroll according to Riemann-Roch Theorem. The speciality grows exactly the degree of the cycle consisting of the unassigned points of the linear subsystem.
Remark 1.1 We consider the elementary transform S
′ of S at A. The exact sequence similar to (1) in S ′ is:
and it gives the exact sequence:
is the sequence that Maruyama considers in [10] to define the locally free sheaf E ′ as the elementary transform of E at the points π(A).
Remark 1.2 Nagata Theorem asserts that, if X is a smooth curve of genus g > 0, any geometrically ruled surface p : P(E) −→ X is a minimal model. Furthermore P(E) is obtained from X × P 1 by applying a finite number of elementary transformations.
Recall that X × P 1 ∼ = P(E 0 ) and
Moreover, if E is other locally free sheaf of rank 2 such that
) is always even. We can obtain a projective model of X × P 1 which is a scroll with speciality 2, but never with speciality 1. This interpretation poses the study of the existence of geometrically ruled surfaces p : P(E) −→ X with h 1 (E) = 1 such that any special ruled surface is obtained by elementary transformation from them. We will call them canonical geometrically ruled surfaces because, analogously to canonical curves, they provide the geometrical meaning of speciality according to Riemann-Roch Theorem. Now, we are going to rescue the results of Segre about special scrolls that appeared in [12] . We mean a directrix curve in the scroll as the image of a section of the ruled surface. C. Segre studies the existence of special directrix curves on the special scrolls.
Let R ⊂ P N be a scroll defined by the unisecant complete linear system |H| on the geometrically ruled surface p : P(E 0 ) = S −→ X. We will denote its speciality by i = h 1 (O S (H)) and its degree by deg(R) = h 2 = d. By RiemannRoch Theorem we know that N = d − 2g + 1 + i.
Geometrically, in order to find directrix curves on the scroll R we consider hyperplane sections passing through some generators. Thus, we work in S with the linear subsystems |H − af| ⊂ |H| where a is an effective divisor on X of degree a.
The linear system |H − af| is not empty when h
2a and there will be elements in |H − af| if
An element of the linear subsystem |H − af| is composed by an unisecant irreducible curve C and a set of generators bf with b ∈ Div(X) and b = deg (b) .
Thus, applying cohomology we obtain:
is the speciality of the curve C in the scroll R and h 1 (O S (H)) is the speciality of the scroll. Hence, from the exact sequence we get a first result:
The speciality of a directrix curve of a scroll is less than or equal to the speciality of the scroll.
Let us suppose that R is special: i ≥ 1. By Riemann-Roch theorem:
, so we obtain:
By the semicontinuity of the cohomology, a generic effective divisor a on a curve X of genus g satisfies:
In particular, if a consists of g − i + 1 generic points, since i ≥ 1, a ≤ g and we have that:
and the curve C is special.
We have only required that the system |H − af| is not empty when a =
Proposition 1.4 A special scroll R of genus g and degree d ≥ 4g − 2 has a special directrix curve.
From now on we assume that
and C is the curve of minimum degree of the scroll and, equivalently, the curve of minimum self-intersection of S. Moreover, C is the unique special curve of R.
. From the exact sequence (2) we deduce that C is linearly normal (because α is an surjection) and that C and R have the same speciality (h
. We conclude the following theorem: Theorem 1.5 A special scroll R of genus g and degree d ≥ 4g −2 have a unique special directrix curve C. Moreover, C is the curve of minimum degree of the scroll, it is linearly normal and it has its same speciality.
2 Speciality of a scroll. Canonical geometrically Ruled Surfaces.
Let p : P(E 0 ) −→ X be a geometrically ruled surface over a smooth curve X of genus g > 0. Let H ∼ X 0 + bf be a unisecant divisor such that the complete linear system |H| provides a birational morphism ϕ H : P(E 0 ) −→ S ⊂ P n , dim(|H|) = n. The study of the scroll S is equivalent to study the polarized geometrically ruled surface (P(E 0 ), O P (E0) (H)) and equivalent to the study of the locally free sheaf E ∼ = p * O P (E0) (H) over X.
Let D m ∼ mX 0 + af be a m-secant curve, we study the relations between the cohomology of O P (E0) (H) and O Dm (H), when m ≤ 2.
Taking cohomology in the exact sequence:
we get the long exact sequence
We recall a technical result. By Hartshorne [7] , Chapter III, ex.
In our case, the condition
So, when m ≤ 2, the cohomology of D m can be computed by base change. For the case m = 2 we recover the following result due to Corrado Segre and mentioned in the introduction.
Proof: Considering the above long exact sequence of cohomology it is enough to prove that:
Since H − D 2 is a (−1)-secant divisor, we can compute the cohomology by base change. In particular h 2 = 0.
To compute h 0 , we consider the canonical divisor in the ruled surface, K P (E0) ∼ −2X 0 + (K X + e)f and we apply Serre's Duality:
Then, K P (E0) − H + D 2 is a (−1)-secant divisor again and so h 2 = 0.
Finally we use Castelnuovo-Riemann-Roch theorem to obtain the following equality:
Considering that H ∼ X 0 + bf and D 2 ∼ 2X 0 + af we use the formal properties of arithmetic genus, (Hartshorne [7] , Chapter V, ex. 1.3), to get ρ a (D 2 − H) = ρ a (X 0 ) and since ρ a (X 0 ) = ρ a (X) = −ρ a (P(E 0 )), we conclude the proof.
By using this result we can give the following definition. Although this definition is natural according to the Segre's result, the existence of canonical scrolls depends on the existence of curves with nontrivial automorphisms. So we are going to search the geometry of this scroll in order to get other more familiar description. The following well known result will be useful: Lemma 2.3 Let F be a coherent locally free sheaf over a smooth curve X. Suppose that it satisfies the following exact sequences:
where N i y L i are locally free and 
where H ∼ X 0 + bf ∼ X 1 + Kf . Moreover, the restriction maps to the sections X 0 and X 1 are the morphisms defined by O X (K) and O X (b).
Except the possible multiple generators, the support of the singular locus is at most X 0 ∪ X 1 . Given the involution γ : C K −→ X, the ramification divisor β satisfies: γ * β ∼ 2(b − K) on the curve X.
Proof: Let C k ⊂ P π−1 be a canonical curve of genus π and γ : C k −→ X an involution. For each x ∈ X, we denote γ −1 (x) = {x 1 , x 2 } and when x ∈ X is a ramification point we will write γ −1 (x) = {2x}. The canonical scroll is:
Step 1.-In order to localize the singular locus of S ⊂ P π−1 , let us consider the nontrivial automorphism γ : C K −→ C K induced by γ; that is, γ(P ) := γ −1 (γ(P ))− {P }. Since C K ⊂ P π−1 is not degenerated, we can take a projective base in P π−1 composed of π points {P o , · · · , P π−1 } on C K . In this way, γ defines a morphism: γ : P π−1 −→ P π−1 . A hyperplane H ⊂ P π−1 traces a canonical divisor on C k and because the canonical linear system is unique, γ :
Since γ is an involution, there exist two disjoint subspaces P α and P π−2−α that are spaces of base points for γ.
Let us suppose that P ∈ S is a point which lays in two different generators l 1 and l 2 . Then γ(P ) = γ(l 1 ∩ l 2 ) = γ(l 1 ) ∩ γ(l 2 ) = l 1 ∩ l 2 = P , because the generators of S are invariant for the involution. Thus, P must be a base point, and the singular locus must be contained in the subspaces P α or P π−2−α , except the multiple generators.
On the other hand, if P ∈ C K , γ(P ) = P ⇐⇒ P is a ramification point; from this, a generator which does not pass through a ramification point P is not composed of base points for γ and it meets each subspace P α , P π−2−α at a unique point. It follows that there are two irreducible unisecant curves on each subspace. Since any generator must meet both curves, there are not generators contained in the subspaces and X 0 := P α ∩ S, and X 1 := P π−2−α ∩ S, are two disjoint irreducible unisecant curves. In particular the scroll is decomposable.
Step 2.-Since S ⊂ P π−1 is linearly normal, by §1, we know that S is the image of a geometrically ruled surface P(E 0 ) by a regular map corresponding to a complete unisecant linear system |H| with superabundance 1, where the generic curve H is the nonsingular model of the generic hyperplane section. Let ϕ H : P(E 0 ) −→ S ⊂ P π−1 . In fact, by the second Bertini Theorem, ϕ H is an isomorphism exactly out of the support of the singular locus (see [3] , 1.10 and 2.9 for details). Since the fibres of P(E 0 ) are applied isomorphically in lines of S, ϕ −1
Because X 0 · X 1 = 0, we deduce that the maps:
are surjections and, in particular, the restriction maps ϕ i : X i −→ X i are defined by the complete linear systems corresponding to O X0 (af ) and O X1 (bf ) respectively.
Taking cohomology in:
we find that:
We deduce that one of them is special with speciality 1 and the other one is nonspecial. Let us suppose that h 1 (a) = 1 and h 1 (b) = 0.
Given the canonical curve C K , the generic point is not a ramification point and it is not in a multiple generator; from this, it is a nonsingular point of the scroll. Thus, ϕ −1 (C k ) is a 2-secant irreducible divisor and the restriction map
By taking the nonsingular model of ϕ −1 (C k ):
we have a birational morphism between nonsingular curves, so it is an isomorphism and ϕ −1 (C K ) ≃ C is a nonsingular curve of genus π.
Applying Segre's result we get that h 1 (O C (H)) = 1 and h 0 (O C (H)) = π; equivalently, ∂(H ∩ C) = 2π − 2, so by Clifford Theorem, C ∩ H ∼ K C is the canonical divisor and the restriction map ϕ H : C −→ C k ⊂ P π−1 is the canonical morphism. Now, we identify the divisor a ∼ H ∩ X 0 . Since is a special divisor, deg(a) ≤ 2g − 2, and by Clifford: dim(|a|) = α ≤ 1 2 deg(a) = g − 1. In order to show that is exactly g − 1, we reason in the following way: |b| is nonspecial, so π − 2 − α = dim(|b|) = deg(b) − g and deg(b) = π − 2 − α + g. Because C and X 0 are irreducible curves (they have not common components), we have that:
Clifford Theorem concludes that a ∼ K X is the canonical divisor of X and the restriction map ϕ 0 : X 0 −→ P g−1 is the canonical morphism. Therefore, we obtain that deg(b) = π − 1 with π = g(C).
Step 3.-Finally, we identify the geometrically ruled surface P(E 0 ). From the above discussion, H ∼ X 0 + bf ∼ X 1 + Kf . Equivalently, by using the exact
we deduce the exact sequences
Then, by taking F = p * O P (H) and L i = p * O Xi (H) we are in a position to apply Lemma 2.3. The condition P(L 1 ) ∩ P(L 2 ) = ∅ is equivalent to the fact that the maps ν i : In a similar way, a 2-secant irreducible curve C ∼ 2X 0 + af verifies deg(a) ≥ 2e. In our case, deg(a) = C · H − 2X 0 · H = 2π − 2 − 4(g − 1) = 2e; therefore, C is in a minimum linear class of 2-secant irreducible divisors. Let us see that C ∈ |2X 1 |.
On the contrary, a − (2b − 2K) ∼ 0. Given the exact sequence:
we obtain a cohomology exact sequence:
But then |C − X 0 | = |C| and this is false because C is irreducible. It follows that
Finally we apply Hurwitz Theorem to the involution p : C −→ X and we obtain that K C ∼ 2K X +β, where β is the ramification divisor. Since K C ∼ C ∩H we have that:
Since the generic H is a section, by comparing 2K X + β ∼ 2K X + (2b− 2K)f and then γ * β ∼ 2(b − K). In particular, there exists ramification points if and
Note that the canonical scroll has degree H 2 . It is computed by using the relation X (O β (H)) = X (O P (H)); that is, 2π − 2 − π + 1 = H 2 − 2(g − 1), and so
. In particular, the hyperplane section of S is a nonspecial curve.
From now on, p : S = P(E b ) −→ X will be the geometrically ruled surface defined by the normalized sheaf E b ∼ = O X ⊕ O X (e) with e ∼ K − b; K is the canonical divisor in X and b is a nonspecial divisor of degree deg(b) ≥ 2g − 2. Let H ∼ X 0 + bf ∼ X 1 + Kf . Let ϕ H : S −→ P N the rational map defined by the complete linear system |H|.
We will use some basic results (see [3] , §2): Proof: [3] , Theorem 3.11.
By applying the above results to p : S = P(E b ) −→ X, H ∼ X 0 + bf ∼ X 1 + Kf and ϕ H : S −→ R ⊂ P N we find that N = deg (b) , h 1 (O S (H)) = 1, R is a scroll with speciality 1 and degree H 2 = deg(K) + deg(b) generated by a correspondence between the canonical curve ϕ H : X 0 −→ X K ⊂ P g−1 and the nonspecial curve ϕ H :
by Lemma 2.1 and the adjunction formula 2ρ a (C) − 2 = 2 deg (b) , so if C is irreducible and smooth of genus π, the restriction map ϕ H : C −→ C K ⊂ P N is the canonical morphism and R is a canonical scroll.
In the rest of this paper we will prove that it is possible to choose a nonspecial divisor b such that the ruled surface P(E b ) = S has the generic element of |2X 1 | smooth.
Definition 2.10 The geometrically ruled surface p : S = P(E b ) −→ X is called canonical if and only if the generic element C ∈ |2X 1 | is smooth.
In next section, we will prove the existence of canonical ruled surfaces, that is, the existence of divisors b such that P(E b ) is a canonical geometrically ruled surface.
We finish this section by showing the equivalence between this definition and the definition of the canonical scroll.
Let p : S = P(E b ) −→ X a canonical geometrically ruled surface. Let us fix a curve X 1 ∈ |X 1 |. We have a unique nontrivial involution φ : S −→ S fixing the curves X 0 and X 1 . The unique base points by the involution are the points of X 0 and X 1 . Moreover the generators are invariant by φ.
Lemma 2.11
The unique unisecant curves of S that are invariant by φ are X 0 and X 1 .
Proof: Let D be an irreducible unisecant curve that is invariant by φ. Since the generators are invariant by φ and D meets each generator at a unique point, D must be fix. But the unique base points of the involution are in X 0 and X 1 .
The involution φ induces an involution on the linear systems |D| of S. We will denote it by φ |D| : |D| −→ |D|. 
Proof: The spaces S 0 and S 1 are spaces of base points, because their divisors are composed by invariant curves (X 0 , X 1 and generators).
, they are of complementary dimension. Thus either φ |D| is the identity or their are exactly the spaces of base points.
But by Lemma 2.11 the unique invariant unisecant irreducible curves are X 0 or X 1 ; so, if φ |D| = id, S 0 = |D| or S 1 = |D| and the conclusion follows.
Proposition 2.13
The linear system |2X 1 | has exactly two spaces of fixed curves by the involution φ:
The spaces E ′ 0 and E 1 are spaces of fixed curves. Let D be a curve of E 0 . D is in the pencil of curves joining E 0 with 2X 1 ; that is,
The curves of L are bisecant curves. The base points of these curves are the points of B ⊂ X 1 . Thus, the pencil L defines an involution in the generic generator P f of S which relates points in the same generator which lie in the same bisecant of L. This involution have two fixed points X 0 ∩ P f and X 1 ∩ P f . On the other hand, we have the restriction of the involution φ to the generator P f . This involution have the same two fixed points. Because φ is not the identity, both involutions coincide and all bisecant curves of L are invariant by φ.
The involution φ |2X1| either has two fixed spaces of complementary dimension or is the identity. The spaces E 0 and E 1 are invariant and they have complementary dimension.
If φ |2X1| is the identity, the restriction to |2X 1 − X 1 | and |2X 0 − X 0 | is the identity too. By Lemma 2.12, this happens when h 0 (O X (b − K)) = 0 and in this case E 1 = ∅.
Corollary 2.14 Let B be different points on X 1 such that B ∼ 2(b − K). Then, there is a pencil of bisecant curves in |2X 1 | which are invariant by the involution. Moreover, the generic curve of this pencil is smooth and irreducible.
Proof: By the Proposition 2.13, we only have to prove that the generic curve of this pencil is irreducible and smooth.
We know that a reducible curve of |2X 1 | necessary contains X 1 or X 0 . Then, X 0 or X 1 will be fixed points of the curves of the pencil L = 2X 0 + Bf, 2X 1 , and this is false.
Moreover, if D ∈ L has a singular point, this point must be a base point of the involution. Since D · X 0 = 0, the singular points can only be the points of B ⊂ X 1 . But D · X 1 = deg(B), so if they are different points, they only appear once in D ∩ X 1 and they must be nonsingular points.
Finally we prove an useful and easy result: Moreover, let us see that C has not the form D 1 + D 2 + af with a effective, (b) for some i and by ( [7] , V, 2.20), some D i = X 0 . The linear subsystem of the elements in |2X 1 | which contain X 0 is defined by:
Finally, suppose that the generic element C ∈ |2X 1 | is smooth and let us see that C has not the form
, 2.6), either D i = X 0 and we are in the previous case or
and |X 1 | × |X 1 | consists of the divisor 2X 1 .
3 The existence theorem. Proof: Consider the smooth ruled surface P(E b ) and the linear system |2X 1 |.
If |2X 1 | has dimension ≥ 1, then by the second Bertini Theorem, the generic C ∈ |2X 1 | is smooth out of the base points. Since 2X 1 ∼ 2X 0 + 2(b − K)f , by Proposition 2.5, the base points of |2X 1 | are x = P f ∩ X 1 with P ∈ X base point of 2(b − K).
The generic element C ∈ |2X 1 | is smooth if and only if for each x = P f ∩ X 1 with P base point of 2(b − K), δ x := {C ∈ |2X 1 |, µ x (C) = 2} is a proper linear subsystem of |2X 1 |.
By Theorem 2.9, given P(E b ) = S, S ′ := P(E b−P ) is the elementary transform of S in x (see [3] , 3.11 for details) and δ x corresponds to the complete linear system |2X
are the strict transform of X 0 and X 1 . By using Lemma 2.8 to compute dimensions we have that:
The generic element C ∈ |2X 1 | is smooth if and only if dim(|2X 1 |)−dim(|2X Given a divisor a of X, a point P ∈ X is called base-double point of the complete linear system |a| if P is base point of |a| and P is base point of |a − P |. 
Consider the trace of
Let us take homogeneous coor-
} is a base of the vectorial space H 0 (O P 1 (2)).
We know that P ∈ X is a base point of
Finally, P is a base point of 2(b − K) + e ⇐⇒ x 0 x 1 ∈ Im(α).
Since e ∼ K − b, we see that P is base point of
and equivalently, all the elements of |2X 1 | meets P f with multiplicity 2.
Therefore, the elements of |2X 1 | are either singular at x = P f ∩ X 1 or tangent to P f at x. If all of them were singular at x, δ
Anyway, since P is base point of On the other hand, we see that the condition is given over the divisor 2(b − K). Thus, given an effective divisor a we will study when it is base-double point-free. Since this is an open condition, if X a is the family of divisors of degree a, we will denote the open subset of base-double point-free divisors by U a .
We will use the following statements about divisors a on X: 
4. If a = 0 then U a = X a = {0} and the unique divisor of X a is the divisor 0 which is base-point-free and it has speciality g.
Given a nonspecial divisor b, we will apply both results 3.1, 3.4 to study when it defines a canonical ruled surface. We will denote by O X (b) the invertible sheaves of Pic
Although we will characterize the invertible O X (b), the condition is given over the divisor 2b so we will use the following lemma: Lemma 3.5 Let X be a smooth curve of genus g and b ≥ 0. Consider the map:
b is a surjection with finite fibre (nontrivial when g > 0).
which is a finite group (but nontrivial if g > 0). Now, consider the following incidence variety and its projections: q is a surjection, because given a ∈ X a , by Lemma 3.5 we know that there is a divisor b ∈ X b such that 2b ∼ 2K + a.
Moreover, given a ∈ X a , the generic fibre is q −1 (a) = {O X (b) ∈ Pic b (X)/2b ∼ 2K + a}. By Lemma 3.5 we know that there are at most a finite number of invertible sheaves verifying this condition, so q has finite fibre.
Thus, dim(J) = a and by applying Proposition 3.4, we know that
Let us see which is the generic fibre of the map p. Let O X (b) ∈ p(J) be a generic invertible sheaf on the image. Then 2b − 2K is an effective divisor. Therefore:
We distinguish some cases:
3. If 1 ≤ a ≤ g − 1, the generic divisor a of X a has speciality g − a and 
Because α 1 is , coker(α 2 ) = coker(α 3 ), that is: Proof: See, [11] . Proof: See, [11] . Proof: See, [5] . Proof See [9] .
Lemma 4.11 Let P(E 0 ) ∼ = P(O X ⊕ O X (e)) be a decomposable ruled surface over a smooth curve X. Let |H| = |X 0 +bf | a complete base-point-free unisecant linear system on P(E 0 ). Let S be the scroll image of P(E 0 )) by the map which |H| defines. Then:
We have to prove that S is projectively normal iif H 1 (O S (1)) = 0. By lemma 4.5 it is sufficient to see that s(O S (kH), O S (H)) = 0 for k ≥ 2.
First we will apply Lemma 4.8. Let S be the canonical ruled surface and H ∼ X 0 + bf the hyperplane section: Now we have to prove that s(O S (2H), O S (H)) = 0. We know that:
From this, it is sufficient to check that s(2b, b) = s(2b, K) = s(b + K, K) = s(K, b + K) = 0. We apply Lemma 4.9. We have The curve X K is the canonical curve. Since it is projectively normal, h 1 (I XK (2)) = 0. Then, the following Lemma 4.12 completes the proof. Proof: We have to prove that the following map is a surjection:
First of all we give an interpretation of this cohomology groups over the canonical scroll S ∈ P N . We have,
where H 0 (O P N (H − P g−1 )) are the hyperplanes of P N containing P g−1 and H 0 (O P N (H − P b−g )) are the hyperplanes of P N containing P b−g . These hyperplanes generate HNow we complete the results in §1 about special scrolls R of genus g with deg(R) ≥ 4g − 1. Let H ∼ X 0 + cf and consider the following diagram:
